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PEAVKIINS JUOPEPEHIINAJIBHBIX YPABHEHUN
BTOPOTO W TPETBEIO MOPSIIKOB, JTOITYCKAIOIIINX
AJITEBPY JIN

© 2009 10.0. dkosiesal

B nybaukyemoit pabore paccMmarpuBaeTcs peayKius auddepeHiinaib-
HBIX ypaBHEHUi, mgomyckaronux anarebpy Jlu. UccnemoBano auddepentiu-
aJIbHOE YpaBHEHUE BTOPOIO IIOPsiIKa, JOIYCKAIOIIee Pa3pPEIuMyio ajiredpy
JIu m peaynmpoBaHHBIE TPYIIIBI, 3a/aBaeMble JIOKAJbHBIM TOYEIHBIM OITE-
PATOPOM U SKCIIOHEHIMAJIbHBIM HEJIOKAJbHBIM orepaTtopoM. B ciaydae mud-
depeHnraIbHOr0 ypaBHEHUsI TPETHEro IMOPSIIKA, JIOIYCKAIONEro Hepaspe-
muMyio ajrebpy Jlu, Takike paccMOTPEHBI PeIyIUpPOBAHHBIE T'PYIIIbI, J0O-
IIyCKaeMble KaK JIOKAJbHBIMUA TOYEYHBIMU, TaK M HEJOKAJBHBIMHU OIlepa-
TOPAMH.

KuarouesBbie cioBa: muddepennuanibioe ypasnenue, mguddepeHnnaaibHoe
ypaBHEHHE BTOPOrO IOpsiaKa, AudpepeHnuajbHoe ypaBHEHNE TPETHEro IMOpPsI-
Ka, anreOpa JIu, JTOKaJIBHBIN OmMepaTop, 3KCIOHEHIINAJILHBIN HEJIOKAJILHBIN OIre-

paTtop.

I'pynmnosoit ananus muddepeHInalbHbIX YPABHEHUN BO3HUK, KAK HAIpaBJIe-
nue, B koHIe XIX Beka B Tpymax HopBexkckoro maremaruka Codyca JIu. Teo-
pUs TPYIII JIOKAJTBHBIX TOYEYHBIX MPeoOpPa30BAHUN CUCTEMATU3UPYET KJIacCUIe-
CKHE METO/[bl MHTEIPUPOBaHUS OOBIKHOBEHHBIX JuddepeHnnaabublX ypaBHEHUT
u jaeT uM obocHoBaHue. HailJleHHbIE TOYEUYHBIE T'PYIIIBI [MO3BOJIMJIA TPOUHTE-
rPUPOBATH MHOT'O OOBIKHOBEHHBIX HU(PDEPEHIINAIBHBIX YPABHEHUII, KOTOPBIE 10
9TOr0 MOMEHTA, CUUTAJUCH HEMHTErpupyeMbiMu. Ho moTpebHOCTD B yBeJIUYICHUN
KoJIn4YeCTBa ypaBHeHI/IfI7 UMEINNX TOYHOE peHIeHUue, IIO-IIPpE2KHEMY BbI3SbIBACT
UHTEpeC, U 3aJada IOMCKa TAaKUX YPABHCHUN U UX pelleHuil 4pe3BblYailHO BOC-
TpeboBaHa.

W3BectHO, 9TO ypaBHEHHE N-TO MOPSAIKA, JOIMYyCKAIOIee N-MEpPHYyIo aaredpy
Jlu, mHTerpupyercsi Jidiib B TOM cJllydae, ecju 3Ta ajrebpa paspemuma. Pe-
AYKIUs yPaBHEHWI, JOIyCKaIoNux HepaszpemuMmyoo ajarebpy Jlu, mpuBomur
[IOHIKEHUIO TIOPSIIKA yPABHEHUI, HO onTUMajbHas (hopma, K KOTOPOH MOXKHO
IIPUBECTH HCXOIHOE YpaBHEHUE, Hem3BecTHa. Pa3zpaboTka Takoro poja MaTeMa-

! dIxosnesa FOmus Ouserosna (julia.yakovleva@mail.ru), kadeapa maremaTuxu, UHPOP-
MATHKU M MaTEMATHIECKHMX METOIOB B 3KOHOMHKe (CaMapCKOro rocyJapCTBEHHOTO YHHBED-
curera, 443011, Poccusi, r. Camapa, yin. Axax. Ilasmosa, 1.
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THYECKUX [PEOOPA30BAHUII TaK¥Ke SIBJISETCH aKTyaJbHON MpoOJIeMOil COBpEeMEH-
Hoit Teopun gudHepeHnuaIbHbIX YPaBHEHHIA.
Huddepennuaibuoe ypaBHEHUE BTOPOIO IMOPSIKA

2.1 /
oy =y —vy (1)
JoryckaeT aBymepHyio ajiarebpy Jlu. Paccmorpum mpeobpa3oBanus 3TOTO ypas-
HeHUsi, oOpasyiolue Ipymny JIu u COOTBETCTBYIOIIHUE JOMYCKAEMbBIM JIOKAJIBHBIM
OIIepaTOpaM, TO €CThL OIlepaTOpaM BHIA

X = &(2,y)0x + n(z, y)0y.
Takyio ¢dopMy IpeJcTaBiIeHus onepaTopa 0OyaeM Ha3blBaThb I'€OMETPUYECKOIA.
Hapsany ¢ reomerpuueckoil popMoil paccMaTpUBaIOT 3KBUBAJICHTHYIO € Ka-
HOHUYIECKYIO (POpMY
v /
X =(n-£&y)oy.
Oueparopamu ajrebpbl, Jonyckaemoii ypasaenuem (1), sBisiroTCs
X1 =20y, Xo=2x0,,
UMeIOIne B KAaHOHUIECKOUW (opme BHIL

)/(\1 = z0,, )/(\2 = —xy’ay.

Iannas anrebpa, Kak W BCAKad AByMepHad anrebpa Jlu, ssisercsa paspe-
IIAMOIA.

B pasmmunoii smreparype |3, 4| paccmarpuBasioch Tak HasbiBaeMoe Ipa-
BWIbHOE” TIOHUKEHUE IIOPAJKA, TO €CTh IMOHMXKEHHUE IMOPSIKA YPABHEHUs C II0-
MOIIBIO OIEPATOPA, SBJILAIONIEIOCS UIEAJIOM AajreOphl.

Tak kak [X1, Xo| = X1, To X7 — mzmean paccMarpuBaeMoiil JBYMEPHOI aJi-
re6pel. [Tornsum nopsiiok ypastenusi (1) ¢ momomnipio X7 .

VuBapuanTamm )/(\1 apasiores t = x, w = xy — y, depe3 koropbie (1)
BBIPAXKAETC B BUAE YPABHEHHH II€PBOIO IOPSJIKA

/
tw = w.
DT0 ypaBHEHHE OCTAeTCs WHBAPUAHTHBIM OTHOCUTEIBHO peIyIUPOBAHHOM
TPYIIBI, 3aJlaBaeMO OIepaTopoM

)/(\2 = —tw' 0.

Ypasuenue tw’ = w jerko unarerpupyercsa. I ypasuenne (1) B crapbix Ime-
PEMEHHBIX MMEET CJIeJlylolee obIee perenue:

%+me+Q:O

ITpu mnonwmkenum mopsizka ypasHeHusi (1) ¢ momorpio omeparopa  Xo
("HenpaBuiIbHOE” NOHUIKEHHUE IOPsiJIKA) [OJIydaeM CJeYIollee ypaBHeHUue Iep-

BOI'0 IIOpgdaKa:
/

(Z—1Dz=2—-p, p=y, z=uay.
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IIpu sTom omeparop )/(\1 upeobpasyercsa K opme
— 1 dp

%=~ ew([ Do
z z

Od4eBUIHO, YTO IOJYyYEH SKCIOHEHIIMAJIbHBLIA HEJIOKAJLHBIA — olleparop
(QHO). dns penykumu ypasaeHwusi, jpomyckaworero YHO, MOXKHO MOCTPOUTH
dakropuzamuo ypasaenust [1]. B ganHOM ciydae 9T0 mosBosinT HaiTH o0Iree
perienue ypasuennst (1).

Pacemorpum muddepenimaibHoe ypaBHEHHE TPEThEro MOPSIIKA

-2
v =y, (2)
JIOITyCKAIOIIee HEePa3peIInMyIo TpexMepHyto aire6py. OnepaTtopsl 9Toil agredpsr
B KaHOHUYECKOW dopme mmeor Buj [2]:

X1 =—y0,, Xo=(y—=y)0, Xz=(2zy—a"y)d,.
Jlerko npoeepuTh, 4TO JaHHas ajredpa ABjsercd Hepaspemmmoil. g sro-
ro HaljieM [Xl, XQ], [Xl, Xg], [XQ, Xg].
(X1, Xo] = Xy, [Xq, X3] =2Xp, [Xa, X3] = X5.
Anrebpa JeficTBUTEJILHO Hepa3peluMa, TaK KaK y HTPOU3BOAHON  ajrebpbl
{[X1, X2, [X1, X3], [X2, X3]} pasmepHOCTH HE YMEHBIINIACD.
[ToHn3MM TOPSAAOK HCXOMHOIO yPaBHEHUS C IIOMOIIBIO IIEPBOrO OIEPATOPA.

[Tosiyuum ypaBHEHWE BTOPOTO IMOPSIKA:

PP+ )=y p=y.

[Ipu sTOM OmEpPATOPHI IPUMYT BHU/I
. N dy
Xo=yp'd,, Xs=y(l-p / ?)817'

[ToBTOpPHOE NMOHMIKEHUE MOPSIIKA MOJYyYeHHOTO YPABHEHHS HPUBOANT K ypaB-
HEHUIO BUIA:
sr((sf = 1)r+s)=1,
rae r =p, s =yp', a ocrapmmiicsa onepaTop npeobpasyercsd K opme
~ S dr
Xg=—(=+8—1)exp (/ —)0s.
r s
[Tpu monm:keHuu MOpsiZika ypaBHEHUs (2) ¢ IIOMOIIBIO TPETHEro OlepaTopa
HOJTy 9aeM:

2 2 -2 Y Y
w’w® + (w')w = 277, 2= 5 w:y’—25.
OrmepaTopbl TPUMYT BUJI:
~ dz ~
X1=2(1- w'/w)ﬁw, Xo = 2w 0y
Ipu nommxkennn nopsaka ypasuenns w’w? + (w')?w = 272 ¢ nomomupio

X9 = 2w'0,, moayuyaeMm ypaBHEHHE HepBOIO HOPsIKa:

sr((s' —D)r+s) =1,
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rme 7 =w, s = zw', a ocrapmmiica omnepaTop Ipeobpasyercsa K dhopme
= s dr
Xl = —(; + S/ - 1) exp (/ ?)85

OdeBnIHO, B 9TUX JBYX CJIydasX IOJYYEHbl OJMHAKOBbIE yDaBHEHUsI Iep-
BOT'O MOpsIJIKA, & ONEepaTOphl, JOMyCKaeMble 3TuMu ypapHenusiMu — dHO, 4o,
BIIPOYEM, HE 00ECIeUnBAET MHTEIPUPYEMOCTh MCXOHOTO ypaBHEHHs (2).

[Tpu moHMKeHUsI TOPsijiKa ypaBHEHHs (2) ¢ MOMOIIBIO BTOPOIO OIEpaTOpa
[OJTY 4aeM:

2 2 -2 Y
¢"(a=1)7"=2¢(a =)+ () a-)=1" t=", q=y. (3)
OrnepaTopbl TPUMYT BHU/I:
dt

d
Xi=tdew(- [ 00, Xa= - 2ol [ L0,

B sTom ciyaae nosyuensr gsa 9HO. Tak kak DHO B obiem ciydae npuBo-
T K bakTopu3anuyu ypaBHEeHHsI BTOPOro HOPsiika [1], Mbl MOXKeM HOCTPOHUTH
JBe pasnaudHble dakTopusanun ypasHenus (3). [losydeHHblil pe3yabrar BroJiHe
00bsicHUM — oneparop Xo, UCIOJb3YEMbIil JIJIsl TIOHUXKEHUST MOPSIJIKA B JAHHOM
caydae, COMEPKUTCS B JBYX TOAaIredpax MCXOTHONW TpeXMepHON aarebpbl, mMe-
fonx uiaeansl { X1, Xo} (umean X1) u {Xo, X3} (umean X3).

Orciofia ceayeT BBIBOM: TPU WCCICTOBAHUN yPABHEHUI TOPSIIKOB 2> 3, JIO-
MyCKAIOIIIX Hepaspermmmyo ajaredbpy Jlu, cieayer Tak BuOMparh 6asuc JIOMyc-
KaeMol arebpbl, ITOOBI MAKCUMAJIBLHOE YHCIO JABYMEPHBIX TOAAITedp MMEso
ujeas, Tak Kak B 9TOM ClIydae peayKIiust orneparopa mpusoguT Kk DHO, mormyc-
KaeMOMYy IpeoOpPa30BAHHBIM yPABHEHHUEM.
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THE REDUCTION OF THE SECOND AND THIRD
ORDER DIFFERENTIAL EQUATIONS WHICH ADMIT
LIE ALGEBRA

© 2009 J.O. Yakovleva®

In the published work, the reduction of differential equations which
admit Lie algebra is presented. The differential equation of the second
order which admits Lie algebra and reducted groups which are set by
local point operator and exponential nonlocal operator are researched.
In case of the differential equation of the third order which admits un-
solvable Lie algebra, the reducted groups which are admitted by local
points operators as well as non-local operators are viewed.

Key words: differential equation, differential equation of the second order,
differential equation of the third order, Lie algebra, local operator, exponential
nonlocal operator.
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